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Abstract 

In this paper, an integration by parts formula was derived for jump processes on Hilbcrt 
spaces. Using this formula, we investigated derivative foumula and exponential ergodicity 
for nonlinear SPDEs driven by purely jump processes. 
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1 Introduction 

In recent years, integration by parts formula, derivative formula and exponential ergodicity 
have been extensively studied for stochasitic differential equations with jumps. The topics 
on the two formulas for jump processes on M. d , we refer to [JJ, [2], [3], [9], [16], [T7] . [T5] . [T9] . 
[22] and so on. In the finite-dimensional case, the authors investigated the coupling property 
for linear SDEs in [3], [13], [15], [2] and references within. For nonlinear SDEs driven 
by jump processes, coupling property was derived in [16J. In most of references mentioned 
above the shift-invataiance of the Lebesgue measure plays an essential role. But it infinite- 
dimensianl setting, there is no Lebesgue measure available. The authors in [20] investigated 
the strong Feller and coupling properties for transition semigroups of linear SDEs driven by 
Levy processes on a Banach space equipped with a nice reference measure which has quasi- 
invariance property. Exponential ergodicity for SDEs driven by Levy processes were studied 
in [21], [8], [10] and references therein for finite-dimensional case. Ergodicity and exponential 
mixing properties of SPDEs driven by cylindrical stable processes were derived in [11], [12] 
and [TO]- In this paper we aim to investigate derivative formula and exponential mixing for 
nonlinear SDEs driven by non-cylindrical purely jump processes on a separable Hilbert space. 

Let (H, (•,•)) be a separable Hilbert space and [i be a Gaussian measure on HI with 
covariance operator Q. Its square root, denoted by is a nonnegative and symmetric 
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Hilbert-Schmidt operator. Let ImQz be the image space of Q?, i.e., ImQa = {Q2x\x £ EI}. 
As is known, ImQ 5 is a Hilbert space with the induced inner product 

(x,y) := (Q~2x,Q~^y), x,yeImQ^, 

where Q~? is the pseudo inverse of Q in the case that it is not one-to-one, that is, for 
h GlmQ^ , 

Q~zh = x, if Q?x = h and \\x\\ = inf{||y|| : Q^y = h}. 
Equivalently, we also have 

^ (x,e k ){y,e k ) 

{x, y) = 2^ T J [A fc >o] , 

k=l k 

where {efc}fceN> the eigenvectors of Q with eigenvalues {AfcjfcgN, consists of an orthonormal 
basis of HI. The space (ImQa -) ) is called the Reproducing Kernel Hilbert Space of EL As 
is known, the Gaussian measure p has quasi-invariant property under the shift z t— > z + h for 
any h GlmQ? , i.e., p(- + h) and p are mutually absolutely continuous. The Randon-Nikodym 
derivative of p{- + h) with respect to p is 

h) := = ex P{(^: z )o - Mo}, A* - a - e - 

Let (f^J 7 , P) be a probability space and L = {L t }t>o be a square-integrable H- valued 
jump Levy process with symbol 

ti(u)= [ (e'M -l-i{u,z))v(dz), «ei, (1.1) 



where f is the characteristic measure satisfying ^({0}) = and J m \\z\\ 2 u(dz) < oo. Denote 
{-^tjt^o the filtration generated by L. 

In this paper, we consider the following stochastic equation on M 

dX t = AX t dt + F(X t )dt + dLt, 
X = x, 

where A : T>(A) C EI — > H is an adjiont, unbounded and linear operator generating a Co- 
semigroup {St}t>o on EI and F : HI — > HI is measurable and bounded. The solution of Eq. (jl.2p . 
if it exists, can be formulated as 

X t = S{t)x+ I S(t- s)F{X s )ds+ f S{t-s)dL s , t > 0. 
Jo Jo 

We gather here all hypothesises which will be made on Eq. (|1.2j) . 

(HI) There exist an open set U C HI with A := v(JJ) < oo, v{dU) = and a differentiable 
function p : U —> (0, oo) satisfying f v (\z\p(z) + \V p(z)\) p(dz) < oo such that 

v(dz)\u = p(z)p(dz). (1.3) 



2 



(H2) A is a dissipative operator defined by 

A = J2(-j k )e k (g>e k , (1.4) 
fc>i 

for < 71 < 72 < • • • < 7fc < • • • and 7^ — > 00 as k — > 00. 
(H3) S(t)U ClmQ holds for any t > 0. 

(H4) F : M — > H is a bounded and Lipschitz continuous function with the smallest Lipschitz 
constant || F\\ n p . 

Let ^(H) be the class of all bounded measurable function on HI and Nt := ^([0, t\ x U). 
We aim to derive the Bismut type formula for semigroups {Pt}t>o and exponential mixing 
property for {Pt}t>o defined as 

P?f(x) := Ef{X*)I [Nt > x] , P t f(x) := Ef(Xf), x G H, t > 0, / G # 6 (H). (1.5) 

In this paper, it is difficult for us to investigate a derivative formula for Pf. Fortunately, 
associated formula for P^ is derived, which is enough for our further work. Denote 

C^(H — > H) =|g : EI — t- H|G and its first order derivatives are continuous and bounded. |. 

In this paper, we have the following main results. 

Theorem 1.1. Assume (HI) - (H3) hold. Let F G C£(M -)■ M) and VF 6e Lipschitz 
continuous. If J Q T HQ-^t)!!* < oo, then for f G C 6 X (H), f G HI and t G (0, T] 

V^ 1 /^) = -EfiX?) 1 -^ ft ((z,Q- l J(s)0 + (Vlog P (z),J(s)0)N(dz,ds). 
With the help of above formula, we can obtain the exponential mixing properties of Pt- 

f* \\Q~ 1 S(s) \\ds 

Theorem 1.2. Assume (HI) - (H4) hold. If -fx > \\F\\up and sup J ° ^^'"^ < t h en 

_ — A 

t/iere exists an invariant probability measure H and a constant C > suc/i i/iai 

||P t (x, •) - H|| yar < C(l + |*|) exp { - ^-II^IMn , 

L A + 71- ||F||Li p J 

Remark 1.1. (i) It is not essential for v(dz)\u in (HI) to be a finite measure. If not, we 
can take a subset U C U such that v{U) < 00 to instead of U. In fact, we only employ parts 
of information of the drivien noise in the proofs of main results. 

(ii) Assume (H2), (H3) and F = 0. Then (|1.2p becomes a linear equation. Furthermore, 
if (HI) holds with (j 1 . 3 j) changed into u(dz)\u > p(z)fj,(dz), then we can also have the above 
two results which were discussed in |20j. 

From now on, we use Cj/ (HI) to denote the family of C 1 functions / such that / and its 
derivative of order 1 are bounded. We denote the uniform norm and the operator norm by 
|| • I |oo and || • || respectively. The remainder of this paper are organized as follows: in the 
second section, we shall derive an integration by parts formula for jump processes valued on 
HI; in the third section, we would like to show the proofs of our main results. 
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2 Integration by Parts Formula 



An integration by parts formula can enable one to derive the derivative formula, and it is a 
powerful tool in stochastic analysis. The associated formula for jump processes on M. d can be 
found in [2], [9], [17], [3] and so on. But so far, there are few references studying the formula 
for jump processes in infinite-dimensional case. For T > 0, denote 



K= ji?:ftx [0,T] xin 

E 

For R £ 1Z, define a perturbed random measure N e by 



R is predictable and satisfies 

T '' 1 

R(s, z)\N(dz, ds) < oo >. 



o 



N e (T x[0,t}) = [ [ I r {z + eR(s,z))N(dz,ds), (2.1) 
Jo Ju 

where v(T) < oo. Let {L^}o<i<T be the associated Levy process perturbed by eR, i.e., 
L\= I I zN e (dz,ds)+ [ I z(N € {dz,ds)-is(dz)ds). 

JO ^[|«|>l] Jo J[\z\<l] 

Let's recall the notion of L 1 -derivative, which was first introduced in [2] and can also be 
found in 141 and 1161. 



Definition 2.1. A function G = G(Lt) is called to have an L 1 -derivative in the direction R, 
if there exists an integrable random variable denoted by DnG(Lt), such that 

]imE\ G{Lt) ~ GiLt) - D R G(L t )\ = 0. 

In order to obtain the integration by parts formula, we would like to construct a weighted 
probability measure such that the distribution of the perturbed process under this weighted 
probability equals the ones of original processes under the reference measure P. To be precise, 
denote 



V 



V : tt x [0,T] -)• ImQ V is predictable and sup |Q _1 F(s)| < oo.) 

s<T > 



V = \v : x [0,T] -> ImQ V is predictable and E J |Q _1 y(s)|ds < oo.}, 

U = |f/o C U Uq is bounded and closed, satisfying dist(Uo,dU) > 0.}, 
where dist(Uo,dU) is the distance between Uq and dU. For e > and V £ V, we set 

1, zEi\P . 



Take 



Z t e = exp{ f [ log \ e (s,z)N(dz,ds) - [ f (X e (s, z) - \)v(dz)ds\. 

L Jo JUo Jo Ju > 



Then {Zl\ t <T satisfies the following equation 



dZ\ = Z{_(\ e (t,z) - l)N(dz,dt), 



Z e = l, 



and can be formulated as 



Zf = 1 + 



JU 



Z e s _(\ e {s,z) - l)N(dz,ds). 



(2.2) 



So {Z%, Tt}o<t<T is a martingale and Zq = 1. Consequently, there exists a probability measure 
P e such that 



dP e 



dP 



Zl t<T. 



Lemma 2.1. The P-law of L t is equal to the P € -law of L\ for R = VIjj with V G V. 
Proof. For any test function < 0, denote 

Y{ = exp { J* J <f>(s, z)N e (dz, ds)}, G\ = Y{Z\. 

We just check that EpeG\ does not depend on e. Actually, note that 

Y t e = exp { J* J <f>(s, z)N e (dz, ds)} 

= exp{ f [ cf)(s,z + eR(s,z))N(dz,ds)X 



=1 + J / r;_(')(.s. ; -!- ri?(.s. i))X((lz.(ls) 
ft 



+ f [ Y s e _(e^ s ' z+eR ^ - 1 -4>(s,z + eR{s,z)))N{dz,ds) 
Jo Ju 

=1+1 [ Y s £ _(e^ s ' z+eR ( s ' z » - l)N(dz,ds), 
Jo Ju 



and 



[Y e ,Z € ] t = f [ Y e _Z e s _(e' t>(s ' z+eR ^ - l){X £ (s,z) - l)N(dz,ds). 
Jo Jw 

ltd formula yields 

G\ =1 + f / Y e s -dZ\ + f I Z%_dYt + [Y\ Z% 
Jo Jw Jo Ju 



=1+ f f Y s e _dZ e s + f f z £ s _Y s £ _{e^ s ' z+£R ^ - l)N(dz,ds) 
Jo Ju Jo Ju 

+ f I Y ^Zl_{e^ z+eR ^ z)) -l)(\ £ (s,z)-l)N(dz,ds) 
Jo Ju 

f Y £ _dZ £ s + f f G ^( e <P(s,z+eR(s,z)) _ i^x £ (s,z)N{dz,ds). 
Jo Jo Ju 



Furthermore, 



EG\ =l + E f I G l_( e <P(^v(s)) _ i) y (^ e y( s )) ^ + v (dz)ds 
Jo Ju P\ z ) 



+ 



=1 + E 



+ 



Therefore, 



f EG e s f (e^ (s ^ - l)v(dz)ds 
Jo Ju\u 

f [ G € s _(e^ s ' z+eV ^ - l)ip(h,eV{s))p(z + eV(s))p{dz)ds 
Jo Ju 

f EG e s [ (e^ s ' z *> - l)u{dz)ds 
Jo Ju\U 

=1 + E f f G\_ ( e *(«.*+^W) _ i) p [ z + eV(s))n(dz + eV(s))ds 
Jo Ju 

+ f EG e s f (e^ s ' z) - l)u{dz)ds 
Jo Ju\u 

=1+ f EG\ I (e^ - l)u{dz)ds. 
Jo Ju 



EG\=exp{J t J (e^ (s ' 2) - l)i/(dz)ds}. 



□ 



Lemma 2.2. Let p satisfy inf p(z) > and sup |Vp(z)| < oo. Then for t € [0, T] and 

zeu z& u 



V G V, {— - e — } e <i are uniformly integrable. 

Proof. For fixed e 6 (0, 1), by triangle inequality and mean value theorem, we have 



< 



<p(z,eV(s)I U() (z)) p(z + eV(s)I Uo (z))-p(z) 



+ 



<p(z,eV(s)I Uo (z))-l 



<^^\\y^)\\M^v{ S )i Uo {z)) 

zeu 



+ <p[z,e'V(s)I Uo (z))\\V(s)\\ 1 {\\zI Uo \\ + l) 
<C(T, U , p){<p{z, eV(s)I Uo (z)) + <p{z, e'V(s)I Uo (z)) } 

where e' < e and C(T, Uq, p) is constant whose value can change from line to line. Therefore, 

X e (s,z) - 1 2 



v{dz) 

<C(T,U ,p) {<f 2 (z,eV(s)I Uo (z)) + V 2 (z,e'V(s)I Uo (z))}v(dz) 
<C(T,U ,p) f {<p 2 (z,eV(s)I Uo (z)) + ^{z,e'V(s)I Uo (z))}Kdz) 



IU 

<C(T,U ,p)e^^ {<p[z,2eV(8)I Uo (z))+<p[z,2JV(s)I Uo (z))}iM(dz) 
<C(T,U ,p) (2.3) 

Let 

< = wf{t : \ZI\ > n}, n> 1. 
Note that (|2.2p and (|2.3|) . and by B-D-G inequality and Young inequality, we obtain 

s<*0 £ J JUo s<r ^ e / 

<2£ /*° / sup( ZsAT "~ - - ) 2 (A e (s,z) - l) 2 ^(dz)dr 

+ 2E / sup ( J v[dz)dr 

JO JUo s<r e 

<C(T,U ,p) / £sup(^^ ) 2 dr + C(T,C/ ,p). 

JO s<r e 

Gronwall's inequality implies 

/ Z^-l y < / WV < C(T,C7 ,P). 

\ e y s<t V e / 

Due to Fatou's lemma, 



So {— ^ — } e <i are uniformly integrable. □ 

Up to now, it is ready for us to give the following integration by parts formula. 
Theorem 2.2. Assume (HI) holds. Then for R = VIjj with V G V and f G C£(H), we have 

ED R f(L t ) = -E[f(L t )M t ], t<T, (2.4) 
where M t = J* J v U Zl Q- l V(s)) + (V log p(z), V(s))) N(dz, ds). 



Proof. We give the proof in two steps. 

Step 1. For R = VqIu with Vq 6 V and Uq £ U. For e > 0, due to Lemma 2.1, we have 

Epf(L t ) = Epcf(Ll) = E P f{Ll)Zl, 

where Ept and Ep stand for the expectation w.r.t. P € and P respectively. Therefore, 

E f(LpZt-f(L t ) =Q 
e 



Furthermore, 

^i^T^ + g ./ v-t/v-t ; — + Ef(L e t )M? = 0, (2.5) 



J(Lt)-f(L t ) , ^/(LDC^-l-eAf?) , 



where M t ° = Jj ((*,Q-V (s)) + <Vlogp(*), F (s))JiV((fe, da). 
The definition of L 1 -derivative implies 

,/(^)-/(V 



lim^ - " JV y = ED VoIu J(L t ), (2.6) 



and 



It only suffices to prove 



lim£7/(L|)Af? = Ef(L t )Ml (2.7) 



lim £ T V — f — = 0. 

e->0 e 



Actually, by (|2.2p one has 



Jo Juo^° * 
t 



d 
Te 



JU 
t 

-1 



e=0\ p\Z 



{z, Q~ V (s)) + (V logp(z), V (s)) )N(dz, ds). 



10 JUo 

Combining this with Lemma 2.2, we derive 

|Z, e -l-eM,°| , N 

lim E ] —t l — = 0. (2.8) 

Let e ^ in and with the help of ([22]), ([277]) and (USD we obtain 

ED VoIu J(L t ) = -Ef(L t )M?. (2.9) 
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Step 2. Choose a sequence of subsets {Uk}k>i C ^ such that Uk\ U as A; f oo. Meanwhile 
take Vfe(s) = V (s)I\ w(\Q V (s)\) . Changing Uq and Vo in (12.9f) into [/& and respectively, 
one can arrive at 

ED VkIu J{L t ) = -Ef(L t )M t k , (2.10) 

where 

M t = II ({z,Q- 1 V k (s)) + {V\og P (z),Vk{s)))N{dz,ds). 
Jo Ju k v 7 

Let k -> oo in (|2TT0|) . we obtain □ 

3 Derivative Formula and Exponential Ergodicity 

In this section, we would like to give the proofs of main results. For convenience, denote for 
i = l,2, 

L^M) =j/i : H -)■ R| J \h(z)\u(dz) < oo}, L+(H) = \h> 0\h G L 2 (EI)}, 

L 2 ([0,T]) ={k : [0,7] -> [0,oo)| jf A; 2 (s)cis < oo}, 

C 2 (H -»• H) ={G : H -> H|G is bounded, differentiale, with bounded 

and continuous derivatives up to order 2.}. 

Before we move on, it is necessary for us to prove the existence of /^-derivative of (II. 2p . 



Theorem 3.1. Assume A generates a Co-semigroup {S(t)}t>o and F 6 C 2 (IH — >M). If a 
predictable process R satisfies 

\R(s,z)\<k(s)h(z), VsG[0,T] VzeH, 

for k 6 L 2 ([0,T]) and h 6 L (H) n L^.(H), i/ien X$ /ias an L 1 -derivative in direction R. 
Moreover, the L 1 -derivative satisfies 

dD R X t = AD R X t dt + VF(X t )D R X t dt + J H fl(t, z)iV(dz, tft) 

(o.lj 

D H X = 0. 



Proof. According to the definition of stochastic integration, the solution of equation (|3.1 
exists, denoted by D R Xt. Now we aim to prove D R Xt is the L 1 -derivative of Xf. Since 



X e t =x+ I S{t - s)F{Xl)ds +11 S(t- s)zN e {dz, ds) 

Jo Jo J\z\>l 



+ / / S(t- s)z(N e (dz,ds) - v{dz)ds 

Jo J\z\<l 
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--x+ I S(t-s)F(X e s )ds + [ [ S(t-s)zN € (dz,ds) 

JO JO J\z\>l 



l\z\>J 

ft r rt f' 

+ / / S{t- s)zN(dz,ds)+ / S(t- s)z(N e (dz,ds) - N(dz,ds)), 

J\z\<l Jo J\z\<l 



then 



X\-X t = [ S(t-s)(F(X e s )-F(X s ))ds + e I I S(t - s)V(s, z)N(dz,ds). (3.2) 
Jo Jo Jw 

Stepl: D R X t is integrable. In fact, define a sequence of stoping times 

T n = inf{t | \D R X t \ >n}, n> 1, 

then T n t oo as n f oo. Since {S(t)}t<T is a Co-semigroup, then there exists a constant C > 
and e > such that ||5(t)|| < Ce w *. For fixed t € (t,T), by (J3H]) we have 

-E sup \D R X S \ 

s<toAr n — 

^Ce^llVFlU / °E sup \D R X r \ds + E [ ° [ \V(s,z)\N(dz,ds) 

Jo r<s/\r n - Jo Jw 

^Ce^UVFlU / ° sup \D R X r \ds + Ce" T \\k\\ L 2 {m \\h\\ L i m . 

JO r<sAr„- 

Gronwall inequality immediately yields 

E sup \D R X S \ <Ce wT ||fc|| L2([0i T])||/i||Li(H)exp{Ce' jT ||V J F|| 00 to). (3.3) 



s<ioAr„ — 

Let n — > oo in (|3.3p . and one arrives at 



E\D R X t \ <E sup |D fi X s | <Ce^||A;||^ ([ o )21) ||/i|Ui ( H)e^{c7e w:r ||VF|| oto}. 



S<to 

Step2: We shall prove 



Esup 

s<t 



- D R X S 



->-0, e^O. (3.4) 



Let 

7 m = inf{t | |X t e - X t - eD R X t \ > m}, m> 1. 
For convenience, define 8(t, m, n) = t A 7 m A r n . For to G (i) T"), by (|3.2p we obtain 
E sup \X e r - X r \ 2 

r<8(to,Tn,n) — 

< 



Ce uT {E sup \f F{X e T ) - F{X T )dr\ 
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+ e 2 E sup 



r<6(t ,m,n)- JO 
"to 




V(s,z)N(dz,ds)\ 2 } 



<Ce uT E\ f° sup \F(X € T ) - F(X T )\drY 
JO T<0(r,m,n)- > 

r \V(s,z)\N(dz,ds)Y 



+ Ce ulT e 2 E 




<Ce" T ||VF||^ f°E sup \X e T - X T \ 2 dr 

JO T<8(r,m,n) — 



+ Ce" T e 2 {E 



\V(s,z)\ 2 u{dz)ds + E( 
<Ce" T ||VF||^ [°E sup \X e T - X T \ 2 dr 

JO T<9(r,m,n)- 



\V{s,z)\v{dz)ds) 2 } 



+ Ce" T e 2 



Gronwall inequality implies 



<9(r,rn,n)- 
2 

L 2 (H) 



+ 



E sup |X^-X r | 

r<8(to,m,n) — 



<Ce" T e 2 



L 2 (H) 



+ 



exp{Ce wT ||VF||Lto}. (3.5) 



Let m — )• oo in (|3.5|) and Fatou's lemma yields 

2 



E 1 sup |X^-X r , 

r<toA"/ n — 



<Ce" T e 2 



L 2 (H) 



+ 



exp{Ce- T ||VF||Lto}. 



Due to ()3.ip . (j3.2|) and mean value theorem, we have 
E sup X s £ - X s - £j D r X s 

s<t A7 n - 



sup 

S<toA7n 



<Ce wto £ sup 

s<i A7„- 



( S{s-r)F(X*)- S{s - r)F{X r )dr - e [ S(s - r)VF(X r )D R X r 
Jo Jo 

f VF(X r )(X; - X r )dr + iv 2 F(r? r )(X; - X r )(X* - X r ) 
Jo 1 

-e I VF(X r )D R X r dr 
Jo 

<Ce" to || VF||oo / ° E sup \X e r - X r - eD R X r \ds 

Jo r<sAy n - 

+ Ce ujt0 \\V 2 F\\ oo f ° E sup \X e r -X r \ 2 ds 

Jo r<sAf n — 

<Ce ut ° || VF[|oa / ° £ sup |X r e - X r - eD R X r \ds 

Jo r<sA~f n - 



+ Ce 2u)T \\V 2 F\\ O0 e< 



L 2 (H) 



+ 



exp{Ce- T ||VF||^ }, 
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Therefore, 

E sup X ' ~ Xs - D V X S 

^e^ellV^IUjllfcll^^jOlfcllia^ + IHl!x (H ))} 

exp {Ce wT (||VF||^ + || VF|U)t }- (3.6) 
Let n — > oo and e — > 0+ in (|3.6|) , and we derive (|3.4|) . □ 

For a given sector denote Jj£ the derivative of X-t w.r.t. the initial value x in the 

direction £, i.e., 

J<t = lim ^+o-^w. 

ts> e^O e 

Then Jt£ satisfies 

'dJ£ = AJ£dt + VF(X t )Mdt, 



By (|3.ip and (|3.7p . we can derive 



Proof of Theorem 1.1: We show the proof in two steps. 



Stepl: Assume F £ C b 2 (M -»• H). By ([321), one has 



J t = S(t) + I S(t- s)VF(X s )J s ds. 
Jo 



Then 

ft 



Jt\\ < e" 71 * + llVFUoo f || J s ||e- 71 (*- S ^s. 
Jo 



(3.7) 



D R X t = J t f [ J- 1 R(s,z)N(dz,ds). (3.8) 
Jo Ju 



Gronwall's inequality implies 

\\Jt\\ < e^+H^U-)*. (3.9) 

Observe that 

Q- 1 J t = Q- 1 S{t) + Q- 1 [ S(t- s)VF(X s )J s ds 

Jo 

= Q~ 1 S(t) + lim(Q + eI)- 1 [ S(t - s)VF(X s )J s ds 

Jo 

= Q- 1 S(t) + lim f (Q + eI)~ l S(t - sWF(X s )J s ds 

= Q- 1 S(t)+ [ lim( Q + eI) -1 S(t - s)V F(X s )J s ds 
Jo 
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= Q _1 S(t) + I Q^Sit - s)VF(X s )J s ds, (3.10) 
Jo 

where in the forth equality we use the dominated convergence theorem. By (|3.9p and (|3.10[) . 
we have 

rj~\ rj~\ rj~\ ^ 

/ WQ^MdtK f \\Q- l S(t)\\dt+ [ [ \\Q- l S(t-s)\\\\VF(X s )\\\\Js\\dsdt 
Jo Jo Jo Jo 

<(l + T( e (~ 7l+ II VF II°°) T ) Vl)| WQ^S^Wdt < oo. 



Take R(s,z) = J s Iu(z)C in §£M, and we obtain D R X t = N t J t £. Then 

I -l^-D R X t = JtI [Nt > 1} C (3.11) 

Since v(dU) = 0, then D R Nt = 0. Combining this with the fact that the function g(y) := ^ 
is in C£([l,oo)), one can easily derive 

D R {^)=0. (3.12) 
It follows (|3TTT) . ([3~T2]) and (H3J) that 



V f i?/(z) = V^/(Xf)V t >i] = E(Vf(Xn,JtCI[N t >i]) 
=E{Vf(X?), I -^D R X t ) = EDRfiXt) 1 -^ 

=ED R (f(X t ) 1 -^) 

= -Ef(Xn^^ 1^ ^(z,Q- 1 J s O + (Vlogp(z),J s O)N(dz,ds). (3.13) 

Step2: Assume F £ C^(M. — > H) and VF is Lipschitz continuous. We aim to construct 
approximation {F k }k>i C Cj* (H — )• H) such that F^ — >• F and VF^ — >• VF in pointwise sense 
as k — > oo. For k > 1, we take a sequence of non-negative, twice differentiale function {gk}k>i 
such that 

Suppte} Cfeel': \y\ R k < ^} 

and 

/ 9k(y)dy = 1. 
Identifying R fc with spanjei, • • • , e^} we define 

F k (x) = [ g k (y-U k x)F( VV ei W (3.14) 
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Then F k is a twice differentiable function with bounded and continuous derivatives. Moreover, 



VF k {x) = [ g k (y)VF(y^y iei + Tl k x)Tl k dy. 
jR k V ~( ' 



(3.15) 



i=l 

For any x, x E H, 

\\VF k (x)-VF k (x)\\ 

k k 

9k(y) VF(y2yiei + IL k x) - VF ( ^ y^e* + n fc xj Il^dy 



i=l 



</ fifc(y)l|VF|| Lip |x - x\dy 
<||VF|| L j p |x - x|, 
where IIV-FH^ denotes the smallest Lipschitz constant. This implies 

supllV^Hoo < \\VF\\ Lip . 

k>l 

Consider the following equation for any k > 1, 

dX? = AX^dt + F k (X^)dt + dL t , 
X* = x. 



(3.16) 



(3.17) 



Let {Xt} t >o be the solution of Eq. (|3.17p and {Jt}t>o be its derivative w.r.t. the initial value. 
Then { J k }t>o satisfies 

dJ? = AJ^dt + VF k (X?)Jj°dt, 



jk _ t 

J o — 1 ■ 



(3.18) 



Since 



\X<?-X t \= f S(t-s){F k (X k s )-F(X s ))c 
Jo 

< [ S(t-s)(F k (X*)-F k (X s ))ds + [ S(t-s)(F k (X s )-F(X s ))ds 
Jo Jo 

1 sup ||V F k \UX* -X s \ds+ [ e^^\F k (X s )-F(X s )\ds, 

k>l Jo 



-flits) 



then with the help of Gronwall inequality and dominated convergence theorem we obt 



am 



lim \X? - X t \ 

k—^oo 



< 



exp{-( 7l +sup||VF A; || 00 )A lim f e^-^F^X,) - F{X s )\ds = 0. 



It follows from ([379]) that 



\J t h ~ Jt\\ < f \\S{t - a)\\\\VF k (X*)J* - X7F(X s )J s \\ds 
Jo 
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< f \\S(t - s)\\\\VF k (X*)J* - VF k (X*)J s \\ds 
Jo 

+ f \\S(t - s)\\\\VF k (X*)J s - VF k (X s )J s \\ds 
Jo 

+ ( \\S(t- s)\\\\VF k (X s )J s -VF(X s )J s \\ds 
Jo 

^supllVFfclU / e~ 7l(i ~ s) ||J s fc -J s \\ds 
k>l JO 

+ sup||V 2 F fc || 00 / e-^ +s ll VF "-|X s fe -X s \ds 
k>l JO 

+ f e -nt+s\\VF\\oo\\ VFk ( Xs )- VF(X s )\\ds 
Jo 

:=h(k)+I 2 (k)+I 3 (k). (3.19) 

This implies 

\\J t k - Jt\\ < exp{—nt + sa.p\\VF k \\ O0 t}(l 2 (k) + h(k)j) ->■ 0, k -»• oo. 

fc>i v 7 

Define 

P«> 1 f(x)=Ef(X*)I [Nt > 1] . 

By (|3.13p . we have 

= -E{/(Xf)^I / ((z^-'J^) + (Vlogp(z),J^))N(dz,ds)}. (3.20) 
Observe that as k — > oo, 

iVP^fix) - VP?f(x)\ < llV/llooEH J, fc - J t || -»■ 0, 

and 



f 

-/{7 



(Z, Q~ l {Js - J s )0 + (Vlogp(z), (j* - J a )0)^(d2,ds) 



0. 



So we finish the proof by letting k — > oo in (|3.2U|) . 

In order to give the proof of Theorem 1.2, we should prove the existence of invariant 
probebility measure of Eq. (jl.2p . 

Proposition 3.2. Assume (H2) and (H4) fooW. J/ 71 > ||-F||Lip> i/ien i/iere exists at 
least one invariant measure of Eq. (|1.2p . Moreover, for any invariant measure S, we Ziawe 
/ H |z|E(d*) < 00. 
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Proof. By (ll.2|) and ltd formula, we have 

E\X t \ 2 =\x\ 2 + 2E [ (X s ,dX s ) + E f [ \z\ 2 N(dz,ds) 
Jo Jo Jw 

=\x\ 2 -2E [ \{-A)^X s \ds + 2E [ (F(X s ),X s )ds+ [ \z\ 2 v{dz)t 
Jo Jo Jw 

<\x\ 2 -2E[ \(-A) 1 2X s \ds + 2\\F\\ Lip E [ \X s \ 2 ds 
Jo Jo 

+ 2^(0)1^ + 2^(0)111^-+ [ \z\ 2 v{dz)t 
7i 7i Jw 

<|x| 2 -2( 7l -||F|| Lip ) J B / \X s \ 2 ds 

Jo 

+ 2|F(0)|M + 21^(0)111^-+ I \z\ 2 u{dz)t. 
7i 7i Jw 



(3.21) 



Therefore, 



E\X t \ 2 + 2( 7l - \\F\\ Up )E I \X s \ 2 ds 

Jo 

<\x\ 2 + 2|F(0)|M + 2|F(0)|||F||oo- + / \z\ 2 v(dz)t. 
7i 7i 



Furemore, 



,o— + / W 2 

7i 



±{eM(li -\\F\\u P )t} J* E\X s \ 2 ds} 
<exp{( 7l -||F|| Ljp )t}{|x| 2 + 2|F(0)|M + 2 |F(0)|||F|| c 
This implies 

f E\X s \ 2 ds< \x\ 2 + 2|F(0)|^+2|F(0)|||F||oo- + / \z\ 2 v{dz)t := I(t). (3.22) 
Jo 71 7i ii 

Combining this with the first inequlity in (|3.2ip . we arrive at 

nt 

2 / E\(-A)*X s \ds < (1 + \\F\\ Up )If (3.23) 
Jo 



Let 



P s (x,B)ds, BeJ(H). 



For r > 0, denote {y|||(— ^4) 2 y|| < r} by B r . Thanks to (H2), B r is a compact set. With the 
help of (|3.23|) . we obtain 



E t (B^) = i_ f^E\{-A)^X s \ 2 ds < 



(l + \\F\\ Lip )I t ^ M ^ 
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for a suitable constant M. For e > and r > y ^f, one has E t (i?£) < e. Hence, {Et} t> o is 
tight and its limit is an invariant probability measure of Eq. (jl.2p . Moreover, it follows from 
(jSZZD that 

f \y\~ t (dy) = l [ E\X s \ds<^{[ E\X s \ 2 d S y < Mi, t > 1, (3.24) 

JH 1 JO VI J 

for a constant Mi independt of i. So for any m > 1, 

y| Am)~(a!y) = lim / (|y| A m)E t (dy) < M x . (3.25) 



t— >oo 

Let m — > oo in (|3.25p , and we finish the proof. □ 
Proof of Theorem 1.2. 



Stepl: Assume F G C b 2 (IH -)■ H). By Theorem 1.1, one has 



=|-£/(Xf)fe±i r I (( z ,Q-ij(s)& + (Vlogp(z),J(s)Z))N(dz,ds)\ 

<ll/lloo|?|Ffei{ /* / \z\\\Q- 1 J s \\N(dz,ds)+ f [ \z\\\Q- 1 J s \\u(dz)ds 
< Jo Ju Jo Ju 



+ f ! \Vlogp(z)\\\J s \\N(dz,ds) + 

Jo Ju JO JU 



J* J^\V log p(z)\\\J s \\u(dz)dsj. (3.26) 



Note that 



E j^n l f \ z \\\Q-i Ja \\ X(<h . df!] 



Ju 



=E ^M f f \ z \\\Q-is(a)+ [ Q- 1 S{s-r)VF{X r )J r dr\\N{dz,ds) 
N t Jo Ju Jo 



JU 



+ WQ^Sis^Nidz^s) 

-_E&=£ [ \z\u{dz){\\VF\\ 00 f I" \\Q- l S{s-r)\\e^-^ F ^ s -^drds 
N t Ju Jo Jo 

+ J HQ-^s)!!^}, (3.27) 



and by (|3.9p we have 

£ Ar / / Vlogp(z J s iV (dz,ds) < E— y — — . (3.28) 

jv 4 y Jc/ N t 7i - II VFIloo 

Meanwhile, by direct calculus, one can obtain 
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So with the help of (pOH|) . (1^271) . (KMi and (13T29D we can obtain 

iv t i?/(.)i< 2 |i/iuei{nvFiu /j^^ + ^'fa^L) }- < 33 °> 

where 

r t = / / ||Q- 1 < S(s-r)||e- (7l - ||VF||oo)(s - r) drds+ / ^-^(s) 



o jo 



Then for t > ^, we have 



HVPtVlloo :=sup sup|V { P t V(x)| 

|£|<la;eH 



Since sup ^° li^—^flljf < oo, then there exists Co < oo such that 

*>! 

lim IIQ-^WH =C . 

t— »oo 

So for some To > large enough, we have 

HQ-^HCo + l, t>T . 

Therefore, 

fn fn IIQ -1 ^* " r)\\e-^-\\ VF ^ s - r Urds 

lim 



t-*oo At — 1 

f* HQ-^t - s )||e-(-»-ll VF ll«)C*-)ds 

< lim — 

t— >oo A 

=- lim / llQ-^faJlle-frHI^IW'dfl 

rT 







y HQ- 1 ^)!!^ + (C + 1) J t e-fr-U^IW-dsJ < oo. 



'0 JT 

This implies 



sup- < oo. (3.32) 

2 Xt — 1 

— A 

For t > f , it follows from (^3T|) and ([332]) that 

!u\V P (z)\n(dz) X 



|VP t 1 /(x)|<2||/|| 00 {||VF|| 00 f \ z \v(dz) S up-^- 
L 7c/ t> 2At-l 



l7 '"' l ' v -"'-|At-l + (7i-||VF|| c 



Therefore, 

IP/Or) -P t /(y)| 



18 



=\Plf{x) - Plf(y)\ + \Ef(Xf)I [Nt=0] - Ef(Xy)I [Nt=0] \ 

<||VP t 1 /||oo|x-y| + 211/11^(^ = 0) 

_r t , JulVpizMdz) 

t>4 



<2||/|U{(||V F |U / p I'M*) g ^ + ) |x - V\ + .-*}■ (3.33) 



Step2: Assume (H4) hold. Making use of (|3.14[) . we can construct {i^ jn^i C Cf (H ->• H) 
such that F n — )• F as n — >• oo in pointwise sense and sup ||V-F n ||oo < \\F\\ Lip- It follows from 

n>l 

(^331) that 

\p?m-prf(y)\ 

<*■/■-{ (II v,„,u X I.M-) g ^ + f^g) \ x -v\ + 

<2|/|-{ (in* X WW g ^ + faHI^K' ) k " 1,1 + ^ (3 ' 34) 

where {-P t n }t>o denotes the transition semigroup of {X™} t >o- Let n — > oo in (|3.34p . and we 
derive 

mm - p t fw 

<2||/|U{ (||F|| UP X WW SUP + y^'ff ) I" - »l + (3-35) 

Since for x, y € HI 

|Xf - | <|S(t)(x - y)\ + T |S(i - s){F(Xf) - F(XV))\ds 

J o 

< e -7it| x _ y | + f e -^s)\\ F \\ Lip \X* - xy\ds 
Jo 

then one can get 

\Xf - X%\ < e (-Ti+ll^ll« P )t| x _ y\. 

Combining this with (|3.35|) and using the Markov property, we have for t > s > j 

\P,S(x) - P t f(v)\ 
<E\P,f(Xl.) - P,f{Xt,)\ 

<m\u{ {mu. X g ^ + s l^J;^ ) E ^-. - *ki + ^} 



! }. (3.36) 
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Let * > 2 M7iH l te^) A) and take S = in dHIHSD- It follows (555) and (EQ2D that 

|P t /(x) - P t /(y)| < C\\f\Ul + \x- exp { - ~ }. (3.37) 

I A + 7i - ||F|| Lip J 

Thanks to Proposition 3.3, for any invariant measure H we have 

|P/(z) - S(/)| < C||/|U(1 + \x\) exp { - ^-II^IMn , 

I A + 7i - ||P||ii p J 

This immediately implies 

" *\War < C(l + exp { - ^""y }■ 

I A + 7i - ||F||Li p J 

The proof is then finished since the inequality trivially holds with a suitabe constant C > 
fort< 2( ?/- |l ^ + f ) . 

We end up this paper with an example showing the conditions of Theorem 1.2 on Q can 
be satisfied. 

Example: Let (H2) hold. For < 5 < 1, we introduce the fractional power (— A) s of —A, 
defined by 



1 r°° 

( - A)S= ml rSsm ' 



where T is the Euler function. It can be proved that c T>((—A) s ), for any t > 0, and 

\\(-A) s S(t)\\<C 5 t- s 

for a suitable positive constant Cg. Take Q = ((—A) s ) \ then we have 5(t)H C ImQ. 
Moreover, 

t^oo At — 1 t-+oo At — 1 

implies sup ^gP^ <oo. 
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